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We study the formation of central naked singularities in spherical dust collapse with a cosmological con-
stant. We find that the central curvature singularity is locally naked, Tipler strong, and generic, in the sense that
it forms from a non-zero-measure set of regular initial data. We also find that the Weyl and Ricci curvature
scalars diverge at the singularity, with the former dominating over the latter, thereby indicating the non-local
origin of the singularity.
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One of the outstanding issues in general relativity is that
of the final state of gravitational collapse, a crucial aspect of
which is the possibility of spacetime singularities—events at
which Riemannian curvature typically diverges, the space-
time is geodesically incomplete, and any classical theory of
gravity necessarily breaks down. It has long been known that
under a variety of circumstances, spacetimes which are solu-
tions of Einstein’s equations with physically reasonable
regular initial data, inevitably develop singularities @1#.
In an effort to protect the applicability of general relativ-
ity, Penrose conjectured that such singularities must be hid-
den by an event horizon, and thus invisible to an asymptotic
observer; i.e., they cannot be globally naked @2#. This con-
stitutes in essence what has become known as the weak cos-
mic censorship conjecture. However, it is quite possible—at
least in principle—for an observer to penetrate the event ho-
rizon and live a rather normal life inside a black hole. This
motivated the strong cosmic censorship conjecture, which
broadly states that timelike singularities cannot occur in na-
ture, i.e., there are no locally naked singularities @3#.
A lack of tools to handle global properties of the Einstein
equations ~and respective solutions!, together with their high
non-linearity, have been the main obstacle to provable for-
mulations of the ~weak or strong! cosmic censorship conjec-
ture. While efforts are being undertaken in this direction @4#,
one can hope that the detailed study of specific models helps
to isolate some defining features of singularity formation and
structure, thereby contributing towards a precise, counter-
example-free formulation of the conjecture.
One such model is inhomogeneous Tolman-Bondi col-
lapse @5,6,7#, whose general solution is analytically obtain-
able in closed ~or parametric! form. For this reason, and be-
cause spherical symmetry is, arguably, a plausible
approximation for the geometry at the late stages of collapse
@8#, Tolman-Bondi collapse has been extensively studied by
many authors @9,10#. The main results stemming from these
analyses, pertinent to the context of singularities and cosmic
censorship, may be summarized as follows: ~i! A central cur-
vature singularity always forms; ~ii! this singularity can be
either locally or globally naked, depending on the initial
data; ~iii! the singularity is generic, in the sense that an infi-
nite number of outgoing non-spacelike geodesics terminates
at the singularity in the past; ~iv! the singularity is gravita-
tionally strong in the sense of Tipler @11#.0556-2821/2001/63~6!/064017~8!/$15.00 63 0640We remark that inhomogeneity plays a key role in the
global visibility of the singularity in asymptotically flat
spherical dust collapse, with the former being uniquely de-
termined by the derivatives of the initial central energy den-
sity profile. In connection with the cosmic censorship con-
jecture and the physical meaningfulness of the singularity, it
should be noted that the central naked singularity of inhomo-
geneous Tolman-Bondi collapse is always Tipler strong, ir-
respective of the initial data @12#, and, furthermore, it is mar-
ginally stable against linear non-spherical perturbations @13#.
Recent observations of high-redshift type Ia supernovae
@14,15# and peculiar motion of low-redshift galaxies @16#,
appear to indicate that the present radius of the universe is
accelerating, thus suggesting the existence of a positive cos-
mological constant, L.0. This has sparked a renewed inter-
est in gravitational collapse with a cosmological constant
@17#. Markovic and Shapiro @18# analyzed the spherical ho-
mogeneous collapse of a dust cloud in the presence of a
positive cosmological constant, and found that depending on
the initial data ~cosmological constant, gravitational mass of
the cloud, and its comoving radius!, the resulting spacetime
can be either ~i! a Schwarzschild–de Sitter black hole @19#,
~ii! a bouncing sphere, or ~iii! a de Sitter–like global cosmo-
logical singularity. Their analysis was qualitatively general-
ized to the inhomogeneous and degenerate cases, for both
L.0 and L,0, by Lake @20#. The collapse of null dust
with a negative cosmological constant was studied by Lemos
@21#, who showed that a Tipler strong, globally naked singu-
larity develops for spherical collapse ~but not for toroidal,
cylindrical, or planar geometries!.
In this paper, we examine in detail the effects of a positive
cosmological constant in the singularity formation and struc-
ture in spherical dust collapse in an asymptotically de Sitter
spacetime. The existence of L.0 changes the nature of the
solution not only at large radii, but also near the center, and
thus the central singularity—if it exists—may have a differ-
ent structure from that occurring in asymptotically flat
spherical dust collapse. The current status of the cosmologi-
cal constant makes pertinent the analysis of its effects on
singularity formation and structure, particularly in the cos-
mic censorship context. Does a central curvature singularity
exist in spherical dust collapse with L.0? If it does, is it
visible and gravitationally strong? As we shall show below,
both questions are answered positively.
For definiteness, we shall hereafter refer to spherical dust
solutions of the Einstein equations with a cosmological con-©2001 The American Physical Society17-1
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The paper is organized as follows: Section II derives the
Tolman–Bondi–de Sitter metrics from the Einstein equa-
tions. In Sec. III, the existence and genericity of a central
curvature singularity are proven. Section IV discusses the
singularity’s curvature strength and the relative strength of
the Weyl and Ricci scalars. Section V concludes with a sum-
mary and discussion.
Geometrized units, in which G5c51, are used through-
out.
II. TOLMAN–BONDI–de SITTER SPACETIMES
The Tolman–Bondi–de Sitter family of solutions is given
by a spherically symmetric metric, written here in normal
Gaussian coordinates $t ,r ,u ,f%:
ds252dt21e22C(t ,r)dr21R2~ t ,r !dV2, ~1!
dV[du21sin2udf2, ~2!
together with the stress-energy tensor:
Tab5r~ t ,r !uaub2
L
8p gab5rda
t db
t 2
L
8p gab , ~3!
where ua5d t
a is the 4-velocity of a dust element, r(t ,r) is
the energy density, and L the cosmological constant.
With the metric ~1!, the independent non-vanishing Ein-
stein tensor components are
Gtt5R22@2Re2C~2R8C812R91R21R82!
22R˙ C˙ R111R˙ 2# , ~4!
Grt522R21~R˙ 81R8C˙ !, ~5!
Grr52R22@e22C~2R¨ R1R˙ 211 !2R82# , ~6!
Guu5sin22uGff5R~R˙ C˙ 1R8C8e2C
1R9e2C2R¨ 1C¨ R2C˙ 2R !, ~7!
where the overdot and prime denote partial differentiation
with respect to t and r, respectively.
Introducing the auxiliary functions
k~ t ,r ![12e2CR82, ~8!
m~ t ,r ![
1
2 RS R˙ 21k2 L3 R2D , ~9!
Einstein’s equations1 simplify greatly to
1Since there are only three functions to be determined and four
equations, only three of these are independent, with the remaining
one acting as a constraint. We take Eqs. ~10!–~12! as our complete
set, and Eq. ~13! as the constraint equation, since it provides a
simple relation between the initial data and the initial mass profile.06401R˙ 252mR212k1
L
3 R
2
, ~10!
k˙ 50, ~11!
m˙ 50, ~12!
with the constraint
m854pR2R8r~ t ,r !. ~13!
The Tolman–Bondi–de Sitter metrics are then given by
ds252dt21
R82
12k dr
21R2dV2, ~14!
where R(t ,r) is a solution of Eq. ~10!, with initial data given
by Eq. ~13!,
m~r !54pE
0
r
R2~0,r˜ !R8~0,r˜ !r~0,r˜ !dr˜ , ~15!
together with an initial velocity profile R˙ (0,r) @which fixes
k(r), via Eq. ~10! evaluated at t50].
Without loss of generality, we consider here the k50 case
~corresponding to gravitationally unbound matter configura-
tions!, since it allows for an analytical solution of Eq. ~10! in
closed form:
R~ t ,r !5S 6mL D
1/3
sinh2/3T~ t ,r !, ~16!
T~ t ,r ![
A3L
2 @ tc~r !2t# , ~17!
where tc(r) is the proper time for complete collapse
@R(tc ,r)50# of a shell with initial area radius R(0,r), which
is fixed by Eq. ~16! at t50:
tc5
2
A3L
sinh21SALr36m D , ~18!
where the scaling R(0,r)5r was adopted @note that, when
k50, R˙ (0,r) is automatically fixed by the choice for the
radial gauge via Eq. ~10!#. The relevant derivatives of the
area radius are
R8~ t ,r !5RS m83m 1AL3 tc8cothT D , ~19!
R˙ ~ t ,r !52AL3 RcothT , ~20!
where the minus sign corresponds to implosion.7-2
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From Eq. ~10!, we have R˙ 56A2mR211(L/3)R2,
where the plus or minus sign corresponds to expansion or
collapse, respectively. If R˙ ,0, then every dust shell im-
plodes and inevitably collapses to vanishing proper area in a
proper time given by Eq. ~18!. If R˙ >0, provided the initial
‘‘acceleration,’’ R¨ (0,r)52m(r)/r21(L/3)r,0, then all
the shells will initially expand towards increasing area ra-
dius, reach a maximum value Rmax(r), and then collapse
back through their original radii, eventually ending up with
zero proper area. In either case we have R(tc(r),r)50.
It then follows that at t5tc(r) the Kretschmann scalar,
K[RabcdRabcd53
m8
R4R82
28
mm8
R5R8
112
m82
R6
, ~21!
diverges, thereby signaling the existence of a curvature sin-
gularity. It has been shown ~explicitly for the L50 case, but
the result also holds for L.0) that the curvature singularity
for events with r.0 is spacelike, and thus physically unin-
teresting @22#. Of potential interest is the central curvature
singularity that forms at the event @ t5tc(0),r50# .
We want to determine if such a singularity is ~at least
locally! naked, i.e., if there exists at least one future-oriented
radial null geodesic with past endpoint at the singularity. To
do so, we examine the outgoing radial null geodesics equa-
tion:
dt
dr 5R85RS m83m 1AL3 tc8cothT D , ~22!
where Eqs. ~14! and ~19! were used. Expanding r(0,r)
[rc(r) near r50,
rc~r !5(
i50
1‘
r ir
i
, ~23!
near the singularity ~where r ,T→01) we have, to leading
order,
m~r !5m0r
31mnr
n131O~rn14!, ~24!
tc~r !5t01tnr
n1O~rn11!, ~25!
R~ t ,r !5S 92 D
1/3
~m0
1/3
r1M nrn11!~ t01tnrn2t !2/3
1O~rn12!O~T8/3! , ~26!
where tn and M n are real coefficients linear in mn
5(4p/n)rn , with n.0; rn[(]nrc /]rn)r50 is the first non-
vanishing derivative of the central energy density distribu-
tion, and
t05sinh21SA L6m0D . ~27!
06401We now follow the method outlined by Barve et al. @23#,
and assume that there is a regular solution to the outgoing
null geodesics equation near r50. To leading order in r, we
write such a solution as
t5t01ar
s
, ~28!
where a ,sPR1. We note that, since T>0, we must require
s>n . If s5n , we have the additional constraint, a,tn .
From Eqs. ~26! and ~28!, we obtain
R~ t ,r !5S 9m02 D
1/3
tn
2/3
r2n/3111O~rs122n/3!. ~29!
Let us first consider the s.n case. Differentiating Eqs.
~28! and ~29! with respect to r, we obtain, from Eq. ~22!, to
leading order,
asrs215S 2n3 11 D S 9m02 D
1/3
tn
2/3
r2n/3. ~30!
Self-consistency fixes
s511
2n
3 , ~31!
a5S 9m02 D
1/3
tn
2/3
. ~32!
The condition s.n now reads n,3. For n51,2 ~i.e., for
r1Þ0, or r150 and r2Þ0) there is a self-consistent solu-
tion to the outgoing radial null geodesics equation in the
limit t→t0 , r→0, and thus there is at least one outgoing
radial null geodesic starting from the singularity, which is
therefore naked.
We now examine the case n5s53. Proceeding as be-
fore, we obtain, to leading order,
3ar253S 9m02 D
1/3
~ t32a !
2/3r2, ~33!
which is identically satisfied provided
a32M 3a212M 2t3a50, ~34!
where M[(9m0/2)1/3. This equation has two non-zero dis-
tinct roots ~other than the a50 trivial root!, given by a
5(M 2/2)6AM 428t3, if t3,1/8(9m0/2)4/3, which imposes
a constraint on r3, for a given r0. In addition, self-
consistency also requires that a,t3, which leads to
M 2
2 241
AM 411624M 2,t3,
1
8 M
4
. ~35!
Thus, as long as one restricts ourselves to initial data that
satisfies the above condition, the singularity is naked. We
note, however, that the n53 case is a less generic case than
the n,3 one, as it requires that r15r250 and r3 obey
condition ~35!.7-3
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geodesic emanating from the singularity ~in which case the
singularity would be ‘‘visible’’ for an infinitesimal amount
of time!, or an entire family—in which case the singularity
would be visible for an infinite amount of time. We write the
equation for the outgoing radial null geodesics to next order
as
t5t01ar
s1brs1d, ~36!
where a ,s ,dPR1. Again, we shall consider first the case
s,n . Proceeding as before, we have
asrs211b~s1d!rs1d215Ar2/3 s1Brd1 2/3 s, ~37!
where
A[S 2n3 11 D S 9m02 D
1/3
tn
2/3
, ~38!
B[
2
3 S n3 2s21 D S 9m02 D
1/3
tn
21/3
.
~39!
Self-consistency fixes a and s as before, and implies
bS 2n3 111d D rd215Br2n/3, ~40!
thus fixing d512n/3, and b522/3(9m0/2)1/3tn21/3 . Hence,
to this order there is a single future-oriented radial null geo-
desic emanating from the singularity.
Let us now examine the case s5n53. From Eqs. ~26!
and ~36!, we get
R~ t ,r !5a1r31a2r31d, ~41!
where
a1[S 9m02 D
1/3
~ t32a !
2/3
, ~42!
a2[2
2
3 a1~ t32a !
21
. ~43!
Taking the partial derivative of R(t ,r) with respect to r
and equating it to that of Eq. ~36! yields
3ar21b~31d!r21d53a1r21a2~31d!br21d. ~44!
Self-consistency at first-order fixes a5a1 @which is equiva-
lent to the cubic equation ~34!# as before, and a solution
exists if condition ~35! is satisfied. At the next order, b drops
out and self-consistency requires a251. This amounts to a
particular value of a, which is consistent with those deter-
mined from Eq. ~34!, if and only if
t35M 31
M 2
2 246
AM 428M 314M 214. ~45!06401Positivity of the radicand requires M,1.076381196, or M
.7.453 694 050, but the first range is disallowed since we
must have t3.0. Consistency between condition ~35! and
Eq. ~45! further imposes M.8.799 799 016. Hence, a fully
self-consistent solution with n53 exists when M
.8.799 799 016 and t3 is given by Eq. ~45!. In such case, an
entire one-parameter family of outgoing radial null geodesics
~parametrized by b) departs from the singularity. Clearly,
this is a very special case—it is a set of measure zero in the
initial data2—and in general there is only a single outgoing
null geodesic with past endpoint at the singularity.
IV. VISIBILITY
We have shown that there is a generic central curvature
singularity in Tolman–Bondi–de Sitter collapse. This singu-
larity is at least locally naked. It would be globally naked if
outgoing geodesics starting from the central singularity at
(t5t0 ,r50) could reach future null infinity. In the present
case, this would require future-directed geodesics to avoid
the event horizon ~i.e., remain outside it at all times! and
cross the cosmological horizon.
Let us first examine the possibility of event horizon
avoidance. In spherical dust collapse, the event horizon ~EH!
coincides with the apparent horizon ~AH! at the boundary of
the spherical mass distribution, r5rm . Hence, in order for
the outgoing null geodesics to escape the EH, they must
cross r5rm before the AH, thereby avoiding becoming
trapped, and hence eventually ingoing.
The AH is a spacelike 2-surface defined by the locus of
events where null wavefronts become ‘‘frozen,’’ and in the
adopted coordinates it is given by R
,aR ,bgab50. With the
metric ~14! and Eq. ~10! we have then
L
3 R
32R12m50. ~46!
This equation has three distinct real roots if 3mAL,1, two
of which are positive and given by
R15
2
AL
sinF13sin21~3mAL!G , ~47!
R25
2
AL
sinF13sin21~3mAL!1 2p3 G ,
~48!
with R2.R1.0, corresponding to the choice 0<sin21b
<p/2, 0<b<1. The third root, R352R12R2, is negative
and hence unphysical. R2 is a generalized cosmological ho-
rizon (R25A3/L , when m50) and R1 the black hole appar-
ent horizon (R152m when L50; the apparent and event
horizons coincide in the static case!. For 3mAL51, the two
2We note that, while this is obvious in the present case, it is in
general unclear what measure or topology should be imposed on the
space of initial data.7-4
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root and two complex ~conjugate! roots, all of which are
unphysical: the spacetime does not admit any horizons in this
case.
From Eq. ~47! together with Eqs. ~16!, ~17!, we obtain
tAH~r !5tc~r !2
p
A3
sinh21F2pA1a~p sin Q!3/2G , ~49!
where
p[
2
AL
, ~50!
a[
6m
p , ~51!
Q[
1
3sin
21a . ~52!
A necessary condition for the singularity to be globally na-
ked is tAH(0)>tc(0), which ensures that radial null geode-
sics emanating from the singularity do so before, or at the
time at which the AH forms. However, from Eq. ~49! we
have tAH(0)5tc(0)2X , where 0<X,(2/A3L)sinh21
3@(A3/m)1/2/L# . Hence, tAH(0)<tc(0). If tAH(0),tc(0),
outgoing radial null geodesics are therefore unavoidably
trapped inside the AH and the singularity cannot be globally
naked ~see Fig. 1!. If tAH(0)5tc(0), the singularity may be
FIG. 1. Central, locally naked singularity in spherical Tolman–
Bondi–de Sitter collapse. The singularity forms before the bound-
ary of the mass distribution undergoes complete collapse, but after
the apparent ~and thus event! horizon form. Null geodesics emanat-
ing from the singularity are necessarily trapped.06401globally naked, but this requires further constraints on the
initial data.
V. CURVATURE STRENGTH
A crucial property of a singularity is its curvature
strength. A singularity is said to be gravitationally strong in
the sense of Tipler @11# if every collapsing volume element
is crushed to zero at the singularity, and weak otherwise ~i.e.,
if it remains finite!. It is generally believed—although not
yet proven @24#—that spacetime is geodesically incomplete
at a strong singularity, but extendible through a weak one
@11,25,26#.
A precise characterization of Tipler strong singularities
has been given by Clarke and Kro´lak @27#, who proposed
~among other conditions! the strong focusing condition:
There is at least one null geodesic, with tangent ka and affine
parameter l ~with l50 at the singularity!, along which the
following is satisfied:
lim
l→0
l2Rabkakb.0. ~53!
This is a sufficient condition for the singularity to be Tipler
strong and corresponds to the vanishing of any two-form
defined along such a geodesic, at the singularity, due to un-
bounded curvature growth.
Let us now consider a radial null geodesic with tangent
ka5(kt,kr,0,0), where ka5dxa/dl , and
kt[FR5R8kr, ~54!
where F can be written as an explicit function of the affine
parameter, F5F(l), obeying the differential equation
~which follows from the geodesic equation, ka„akb50):
dF
dl 1F
2S 11R˙ 1R R˙ 8R8D 50. ~55!
From Eqs. ~14! and ~10! we have then
V[Rabkakb52~kt!2
1
R S R˙ R˙ 8R8 2R¨ D 52~kt!2 m8R2R8 .
~56!
Using Eqs. ~16!–~28! and ~54!,~55!, we get
lim
l→0
l2V5 lim
l→0
l2F2
m8
R8
5 lim
t→t0 ,r→0
x2
m8
R8
5Kn lim
t→t0 ,r→0
x2, ~57!
where l’Hoˆpital’s rule was used twice in the second equality,
and7-5
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21
~58!
52S 12 4mR 2 L3 R222m8R8A2mR 1 L3 R2 D
21
,
~59!
where Eq. ~10! was used, and
Kn[ lim
t→t0 ,r→0
m8
R8
5
1
3 S 2n3 11 D limt→t0 ,r→0
m
R
5K¯ lim
r→0
r222n/350, for n,3, ~60!
K35S 2m029 D
1/3
~ t32a !
22/3.0, for n53,
~61!
K¯ [3S 2n3 11 D
21
~6m0
2!1/3tn
22/3
, for n,3.
~62!
@Note that K3 exists as long as the initial data obeys condi-
tion ~35!.#
Therefore, for n,3,
lim
t→t0 ,r→0
x25 lim
r→0
12 f ~n !AK¯ r32n2251, ~63!
where f (n)[@(8n/3)2(2/3)#/A2@(2n/3)11#/3.0.
If n53, we have
lim
t→t0 ,r→0
x25~12A2K3!22[x02 , ~64!
which is positive definite provided K3Þ1/2.
Summarizing, the singularity is gravitationally strong in
the sense of Tipler if n53. For n,3, liml→0l2Rabkakb
50, and the singularity may or may not be Tipler strong.
Weyl curvature
In order to gain further insight on the nature of the central
singularity, we examine the behavior of the Weyl curvature
scalar in the limit t→t0 at r50. In a four-dimensional mani-
fold, the Weyl tensor is defined as
Cabcd5Rabcd1ga[dRc]b1gb[cRd]a1
1
3 Rga[cgd]b ,
~65!
and represents the part of Riemannian curvature which is not
locally determined by the matter distribution. A divergence
of the Weyl scalar, C[CabcdCabcd, indicates a blow-up in
curvature caused not by the local matter distribution—as in06401the case of the Ricci scalar, or any other scalar constructed
solely from the Ricci tensor—but by the matter content of
the spacetime at other points.
In the metric ~14!, the non-vanishing independent compo-
nents of the Weyl tensor are
Ctrtr52R82S m8R2R8 2 mR3D , ~66!
Ctutu5
m
R 2
m8
3R8
, ~67!
Ctftf5sin2uCtutu , ~68!
Cruru5
m8R8
3 2
mR82
R , ~69!
Crfrf5sin2uCruru , ~70!
Cufuf52sin2uS mR2 m8R23R8 D . ~71!
The Weyl scalar is
C~ t ,r !5
48
R4 S m83R8 2 mR D
2
. ~72!
At the singularity we obtain, for n,3,
Csing5 lim
t→t0 ,r→0
C~ t ,r !5C0 lim
r→0
r216n/351‘ , ~73!
where C0[48(2K¯ n/9)2(9m0/2)24/3tn28/3.0.
If n53,
Csing5 lim
r→0
48S 9m03 D
2
t3
28/3K3
2
r21251‘ . ~74!
Thus, for all the initial data leading to naked singularities
(n<3), the Weyl scalar diverges along outgoing null geode-
sics at the singularity. We note that the present analysis, for
outgoing radial null geodesics, remains unchanged up to a
sign for dt/dr and a in Eq. ~22!, for ingoing radial null
geodesics. We conclude, therefore, that the Weyl curvature
scalar diverges at the singularity along both outgoing and
ingoing null geodesics. This is in agreement with the results
of Barve and Singh @28# for asymptotically flat spherical dust
collapse, and goes against the speculation by Penrose @29#
that the Weyl curvature should diverge along ingoing geode-
sics, and vanish along outgoing geodesics terminating at the
singularity.
Finally, we compute the Ricci curvature scalar, R, at the
singularity and compare it to the Weyl scalar, to determine
the relative contributions of curvature ~i.e., locally versus
non-locally induced!. The Ricci scalar is7-6
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R2R8
14L . ~75!
At the singularity we have, for n,3,
Rsing5 lim
t→t0 ,r→0
R~ t ,r !5R0 lim
r→0
r22n51‘ , ~76!
where R0[2(9m0/2)22/3tn24/3.0.
For n53
Rsing5 lim
r→0
2K3S 9m02 D
22/3
t3
24/3
r2651‘ . ~77!
Hence, (C/R)sing diverges as r210n/3, for n,3, and as r26
for n53. Such a dominance of the Weyl curvature over
Ricci indicates a predominantly non-local origin for the Rie-
mannian curvature divergence at the singularity.
VI. CONCLUSIONS
We have examined in detail the central curvature singu-
larity occurring in general inhomogeneous spherical dust col-
lapse in an asymptotically de Sitter spacetime. This singular-
ity was found to be locally naked for a wide class of initial
data: r1Þ0, or r150 and r2Þ0, or r15r250 and r3
Þ0. In the latter case ~if, in addition, r3 is determined by
r0), an entire one-parameter family of outgoing radial null
geodesics has its past endpoint at the singularity, which is
thence visible for a finite amount of time. One must note,
however, that this case is non-generic, whereas the first two
are generic insofar as initial data is concerned. Hence, ge-
nerically, a single null geodesic escapes the singularity.
For generic initial data, the singularity cannot be globally
naked, since it forms after the apparent horizon does, and,
consequently, any null geodesics emanating from it are nec-
essarily trapped and thus cannot escape the event horizon.
Regarding curvature strength, our analysis, based on the
sufficient condition by Clarke and Kro´lak @27#, revealed that
the singularity is Tipler strong for the case n53 and may or
may not be Tipler strong if n,3. We note that, while more
restrictive than the cases n,3, the n53 case is of finite
measure in the space of initial data—r3 has a finite real
range, given implicitly by condition ~35!—and hence ge-
neric, in the sense that it has codimension two in the ~count-
able, infinite-dimensional! space of derivatives of rc(r).
We also found that both Weyl and Ricci scalars diverge at06401the singularity along ingoing and outgoing geodesics. The
Weyl scalar divergence dominates over the Ricci, indicating
a predominantly non-local origin of the Riemannian curva-
ture unbounded growth. Interestingly, while features such as
global visibility and curvature strength appear to depend
critically on the local matter distribution, the divergence of
Riemann curvature invariants ~e.g., Kretschmann scalar!
seems to be associated with the matter distribution at other
points. It is tempting to speculate that one could alter the
local matter distribution, so as to cure such ‘‘problems’’ as
local visibility and Tipler strong strength, while still main-
taining a divergent Riemannian curvature invariant ~built
solely from the Riemann tensor, without any of its internal
index contractions!. This naturally leads to the question of
whether spacetime can be extendible through a Tipler weak
singularity where curvature is, nevertheless, divergent.
Finally, in the context of cosmic censorship, with the cur-
rent status of L , any realistic formulation ~of the strong ver-
sion, at least! might have to exclude the cases corresponding
to L.0, if a stability analysis—to be defined in a suitable,
precise manner—would reveal the singularity to be a persis-
tent ~i.e., exist for all times, with the same properties! feature
of the spacetime. The results of Deshingkar, Joshi, and
Dwivedi @12#, and those of Harada, Iguchi, and Nakao @13#,
reveal that the central singularity in spherical dust collapse
with L50 is stable ~i.e., remains locally naked and Tipler
strong! against initial data perturbations, and marginally
stable against metric ~and matter coupled to metric! pertur-
bations. The similarity between such a singularity and the
one discussed in the present paper—the conditions for vis-
ibility and the slope of the outgoing radial null geodesics @cf.
Eq. ~31!# with past endpoint at the singularity are the same in
both cases ~see, e.g., @23#!—suggests that analogous stability
properties may also hold for the central curvature singularity
in Tolman–Bondi–de Sitter collapse. This issue is currently
under investigation @30#.
Note added in proof. After this work was submitted, a
similar analysis by Deshingkar, Chamorro, Jhingan, and
Joshi appeared @31#. I thank S. Jhingan for having brought it
to my attention.
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